Context. This is the third study dedicated to the observed parallelism of properties between galaxy clusters and early-type galaxies. Aims. Here we investigate the mechanisms which concur to shape the Mass-Radius Relation, in order to cast light on the physical origin of its slope, tightness, and zero point. Methods. First we collect data on masses and radii from different sources deriving the observational Mass-Radius Relation and point out that the relation derived for early type galaxies can be extended to grossly match the position of Globular Clusters and Galaxy Clusters. Second we perform a theoretical analysis of the physical reasons for the Mass-Radius Relation. To this aim,we present the Mass-Radius Relation of numerical hydrodynamical simulations of galaxy formation and evolution in the monolithic and hierarchical schemes. Results. We propose a new interpretation of the Mass-Radius Relation, which we claim to be the result of two complementary mechanisms: on one hand, the result of local physical processes, which fixes the masses and radii of individual objects; on the other hand, the action of cosmological global, statistical principles, which shape the distribution of objects in the Mass-Radius plane. We reproduce the Mass-Radius relation with simple arguments. Conclusions. The Mass-Radius Relation for objects going from Globular Clusters to Galaxy Clusters stems from the same physical principles but continuously changes its slope. It is the locus of objects in mechanical (virial) equilibrium and passive or nearly passive evolutionary stage.
Introduction
In recent years, much attention has been paid to the MassRadius Relationship (MRR) of galaxies, for the early-type galaxies (ETGs), in particular. The MRR is indeed basic to any theory of galaxy formation and evolution. To this aim, an impressive body of data have been acquired concerning the masses and dimensions of galaxies and galaxy clusters and groups not only in the local old Universe but also in the distant and young one, thus making it feasible to address the question whether these two important parameters changed with time as predicted by any hierarchical mode of galaxy formation, see for instance the studies by Shankar et al. (2011) , Bernardi et al. (2011) , Graham (2011 Graham ( , 2013 , Bernardi et al. (2014) , Agertz & Kravtsov (2016) , Kuchner et al. (2017) , Huang et al. (2017) , Somerville et al. (2018) , Terrazas et al. (2019) and references therein.
The subject of the MRR of galaxies from ETGs to dwarf ellipticals and dwarf spheroidals (dwarf galaxies, DGs, in general), including also bulges and Globular Clusters (GCs) has been reviewed by Graham (2011 Graham ( , 2013 ) to whom we refer for many details. The current MRRs for ETGs and DGs will be presented below. At the same time data for the mass and radius of Galaxy Clusters and Groups (GCGs) have been acquired (see for ⋆ Corresponding author instance Valentinuzzi et al. 2011; Cariddi et al. 2018 , WINGS data, and references therein). Therefore, it is worth of interest to investigate whether a similar MRR exists for this class of objects and how it would compare with the one of galaxies.
In addition to this, convincing evidence has been gathered that at relatively high redshifts, objects of mass comparable to that of nearby massive galaxies but with smaller dimensions exist. These "compact galaxies" are found up to z ≥ 3 with stellar masses from 10 10 to 10 12 M ⊙ and half-light radii from 0.4 to 5 kpc (i.e. 3 to 4 times more compact than the local counterparts of the same mass), and in nearly similar proportions there are galaxies with the same mass but a variety of dimensions (e.g., Mancini et al. 2009; , and bulge to disk ratios (e.g., Karim et al. 2011 ). However, we will consider here only the case of standard ETGs and GCGs, leaving the compact galaxies aside.
In the present study we ask ourselves the question: Why do GCGs, ETGs and GCs obey a rather narrow MRR instead of scattering around showing a broader combination of these two parameters? Spurred by this, we look for general physical principles governing this important scale relation. As already anticipated similar analyses have been undertaken by Chiosi & Carraro (2002) and Chiosi et al. (2012) , so that the present study is a sequel of those ones motivated by the bet-A&A proofs: manuscript no. ms ter data nowadays at our disposal. To clarify the aims and the methods of the present study (and also the previous ones), we anticipate here the essence of the analysis. We speculate that the observed MRR for ETGs and GCGs is the result of two complementary mechanisms. On one hand, the mass function of DM halos hosting the visible galaxies gives (i) the typical cut-off mass at which, at any redshift, halos become "common" on a chosen spatial scale, and (ii) the typical epoch at which low mass halos begin to vanish at a rate higher than that at which they are born, because of merger events. On the other hand, these constraints define two loci (curves) on the MR-plane as to each mass and formation redshift a typical dimension (i.e., radius) can be associated (using a basic relation between mass and radius of a collapsing object). If the typical dimension of a galaxy is somehow related to that of the hosting DM halo as hydrodynamical models seem to suggest, then the region of the MR-plane between the two limits fixed by the halo mass function is populated by galaxies whose dimensions are fixed at the epoch of formation, and only those objects that are "possible" at any given epoch may exist, populating a narrow region of the MR-plane. Similar arguments can be used to interpret the MRR of GCGs.
The paper is subdivided as follows. In Section 2 we present and discuss the observational MRR for three samples of galaxies and galaxy clusters. In Section 3 we shortly describe the hydrodynamical models of galaxies (and clusters) over a large range of masses contained in the large scale simulations by (Vogelsberger et al. 2014a,b; Genel et al. 2014; Nelson et al. 2015) that are adopted here as the main source of theoretical data 1 . In Section 3 we derive the theoretical MRR from the large scale simulations both for the present day Universe and as function of the redshift and try to highlight the main causes determining the observational MRR. In Section 4 based on elementary theories of cosmology and galaxy formation we derive the same MRR and compare it with that obtained from the large scale simulation showing that good agreement exists. In Section 5 we seek to derive the MRR from First Principles highlighting the deep causes that eventually determine its shape. Finally, in Section 6 we draw some remarks and conclusions.
Throughout the paper we assumed in all our calculations the same values of the Λ-CDM cosmology used in the Illustris simulations by Vogelsberger et al. (2014a,b) : Ω m = 0.2726, Ω Λ = 0.7274, Ω b = 0.0456, σ 8 = 0.809, n s = 0.963, H 0 = 70.4 km s −1 M pc −1 .
The observational Mass-Radius Relation
In this section we present the data for single galaxies and galaxy clusters and groups. These are: (i) the catalog of ETGs, spiral galaxies, DGs, GCs and GCGs in the Local Group and local Universe by Burstein et al. (1997) ; (ii) the SDSS data for ETGs by Bernardi et al. (2010) roughly covering the redshift interval z=0 to ≃ 2; (iii) the samples of ETGs, Bright Central Galaxies (BCGs) and GCGs set up by Valentinuzzi et al. (2011); Cariddi et al. (2018) using the data of the WINGS survey; (iv) finally, the list of dwarf galaxies for the local Group is supplemented by that of Woo et al. (2008) , Geha et al. (2006) , Hamraz et al. (2019) , and that of galactic GCs of Burstein et al. (1997) by the data of Pasquato & Bertin (2008) and the transition objects from GCs to DGs of Kissler-Patig et al. (2006) .
The Burstein et al. (1997) data. Over the years these very popular data have been examined by many authors so that a detailed presentation is superfluous here. We limit ourselves to show in Fig. 1 the distribution on the log R s vs log M s plane of the various subgroups of the data set from the classical GCs to GCGs: the red filled circles are the ETGs, the green open circles the spiral galaxies crowding the same area but not considered in the analysis, the blue triangles the dwarf galaxies, the red squares the globular clusters, finally the light-blue filled squares the ETG-rich and Sp-rich Clusters/Groups all together. The best fit of the sole ETGs yields log R s = 0.6 log M s − 5.859 for M s ≥ 10 10 M ⊙
where M s (in M ⊙ ) is the estimated stellar mass and R s (in kpc) is the radius containing half of it (nearly identical to the classical effective radius R e ). This relation is taken from Chiosi & Carraro (2002) who used the same data. This line is then extended to the domain of GCs and of GCGs, however arbitrarily shifted by -0.1 dex on both coordinates, to highlight the role of this line as a border of the observed distribution of astrophysical objects whose mass extends over about eleven orders of magnitude (the blue dashed line).
The ETGs of Bernardi et al. (2010) . A much richer sample of data for ETGs has been derived by Bernardi et al. (2010) from the SDSS catalog. The sample contains ≃ 60, 000 galaxies 2 . The observational MRR is displayed in Fig. 1 , the green filled circles. The linear best fit of the SDSS data is log R s = 0.54 log M s − 5. 25 ( 2) where M s and R s have their usual meaning and units (the magenta dashed line). The slope (and zero point) of the above MRR is quite robust as nearly coincides with similar determinations made by other authors: e.g. Chiosi & Carraro (2002) using the Burstein et al. (1997) data and Shen et al. (2003) using the SDSS data. We will show that the same slope is also recovered using the Illustris simulations. The distribution of the bulk of galaxies is confirmed by the smaller sample of Shankar et al. (2011) also extracted from the SDSS survey but using slightly different selection criteria. The area covered by the observational data is slightly larger than the one with the Bernardi et al. (2010) data.
The WINGS database. In recent times, large optical and spectroscopic databases for the galaxy content of nearby clusters have become available thanks to the WIde-field Nearby Galaxy-cluster Survey (WINGS) of Fasano et al. (2006) and Varela et al. (2009) and companion OMEGA-WINGS extension of Gullieuszik et al. (2015) and Moretti et al. (2017) for a number of clusters in the redshift interval (0.04 ≤ z ≤ 0.07). All this material has been subsequently examined by Cariddi et al. (2018) with particular attention to the problems of the accurate determination of the stellar light and the stellar mass profiles of galaxy clusters. They measured and examined more than 7,000 galaxies in 46 clusters for which they provide the absolute V and B magnitudes, the morphological type according to the classification system RC3 by de Vaucouleurs et al. (1991) , Corwin et al. (1994) and Fasano et al. (2012) , four different estimates of the star formation rates (SFR) by Fritz et al. (2007 Fritz et al. ( , 2011 and, finally, estimates of the star mass M s and associated radius R s . The issue of the membership of the galaxies Fig. 1 . The log(R s ) versus log(M s ) relation for the samples under consideration. R s is the half-mass radius, and M s the total stellar mass. Although R s is not strictly identical to the effective radius R e , they are very close to each other. Throughout this paper we will always use R s , which is easier to calculate for hydrodynamical models of galaxies, and assume R s ≃ R e . Burstein et al. (1997) sample: the filled red circles are the ETGs, the green open circles the SGs, the blue filled triangles the DGs, the filled red squares the GCs, the filled light-blue squares the GCGs. The blue dashed line is the linear best fit of eqn. (1), i.e. log R s = 0.60 log M s − 5.859 relative to the sole ETGs, however extended to the regions of GCs and GCGs. Bernardi et al. (2010) sample: only ETGs are present indicated by green filled circles. The dashed magenta line is the linear best fit of the data extended to GCs and GCGs. WINGS sample: the dark-red filled circles are the ETGs, the blue filled circles the BCGs, and the black filled circles the GCGs. The olive-green dashed line is the linear best-fit of all WINGS objects together log(R s = 0.901 log M s − 9.245, however extended to DGs and GCs. Dwarf galaxies and Globular Clusters: the coral filled circles are the DGs of Woo et al. (2008) and Geha et al. (2006) all together. Finally, the parallelogram shows the area occupied by the transition objects from GCs to DGs of Kissler-Patig et al. (2006) . to the clusters under consideration has been addressed and examined by Cava et al. (2009) to whom we refer for all details. In this study we have considered all the 46 clusters studied by Cariddi et al. (2018) . The MR-plane of this set of data is shown in Fig. 1 where the dark-red filled circles are the ETGs, the blue filled circles the BCGs, and the black filled circles the GCGs. The inspection of the WINGS data reveals that: (i) compared to Burstein et al. (1997) and Bernardi et al. (2010) at given mass the radii of ETGs are smaller by about 0.3 dex whereas those of BCGs and GCGs are comparable; (ii) the MRR relation for the ETGs more massive than 10 10 M ⊙ is log R s = 0.4999 log M s − 4.9805
where masses and radii are in the usual units; (iii) the scatter around this reference MRR is much larger than in the previous cases; (iv) ETGs and Spirals crowd in the same region of the MR-plane; (v) extended plumes at the large mass side of the MRR may exist only for ETGs belonging to clusters and not for ETGs belonging to the field and in general not for both field and cluster late type galaxies (D'Onofrio et al. 2019b ); (vi) looking at the cluster ETGs, the MRR has curved banana-like shape with a well developed plume toward high masses and radii made of red galaxies as confirmed by their B-V color and also their Sérsic index n (D'Onofrio et al. 2019a ). In contrast, in field ETGs the banana-like structure of the MRR and the red plume is much less evident if not missing at all. The reason for this striking difference is not clear, most likely it is related to the higher probability for massive cluster ETGs of merging and/or engulfing other galaxies of smaller mass in the case of wet mergers to avoid any bluing effect in their colors or of comparable mass and age in case of dry mergers among similar objects thus leaving the color unchanged (see the discussion in Sciarratta et al. 2019 ). The best-fit for each group separately yield log R s = 0.500 log M s − 4.9805 for ETGs log R s = 0.003 log M s + 1.387
for BCGs (4) log R s = 0.323 log M s − 1.309
for GCGs
Finally considering all the objects together (ETGs, BCGs and GCGs) the MMR is log R s = 0.901 log M s − 9.245 (the dark olive-green dashed line in Fig. 1 ) which immediately might lead to conclude that the observed MRR corresponds to objects in virial equilibrium (D'Onofrio et al. 2019a) . In reality the MRR owns its origin to a more complicate interplay among different causes (see below).
Dwarf Galaxies. The DGs are taken from different sources: (i) the Burstein et al. (1997) sample of dEs and dSphs of the Local Group. It is worth recalling that the masses used by Burstein et al. (1997) are the dynamical masses and not the stellar masses, so this group is not strictly homogeneous with the sample for ETGs; (ii) the DGs of the Local Group according to the measurements made by Woo et al. (2008) ; (iii) the sample of DGs by Geha et al. (2006) . Fortunately, all the three samples of data yield much similar MRRs log R s = 0.217 log M s − 2.133 Burstein et al (1997) log R s = 0.225 log M s − 1.953 Woo (2008) (5) log R s = 0.272 log M s − 2. 442 Geha et al (2006) that we adopt here and consider identical. Finally, we take into account the study by Kissler-Patig et al. (2006) on the transition objects from GCs to dwarfs galaxies. All these data are shown in Fig. 1 .
Galaxy Clusters and Groups. Two sources of data for galaxy clusters and groups have been considered, namely Burstein et al. (1997) and the WINGS and Omega-WINGS database (Fasano et al. 2006; Varela et al. 2009; Cava et al. 2009; Moretti et al. 2014; D'Onofrio et al. 2014; Gullieuszik et al. 2015; Moretti et al. 2017; Caminha et al. 2017; Cariddi et al. 2018) . In particular the parameters R s and M s needed to the present study are those measured by Caminha et al. (2017) and Cariddi et al. (2018) . See also D'Onofrio et al. (2019a) for more details.
On the MRR slope. In order to make the comparison of the various cases easier, we summarize in Table 1 all the MRRs we have derived. It is soon evident that there is no unique slope for the MRR of both ETGs and DGs. The slope for ETGs goes from 0.5 to 0.6, and for dwarf galaxies from 0.217 to 0.272. Furthermore, looking at the data in detail, the slope is even steeper than 0.54 in the region of the largest and most massive ETGs going up to 1 and even more, see the top part of the MRR by Bernardi et al. (2010) , Guo et al. (2009 ), van Dokkum et al. (2010 , Graham (Fig. 1 in 2011) and Graham (2013) . This is a point to keep in mind when interpreting the observational data.
General Remarks. Information and details on how the stellar masses M s and half-mass radii, R s , have been derived can be found in the original sources to which the reader should refer. Of course some possible systematic biases among the different sets of data are to be expected, whose entity, however, ought to be small. This is somewhat sustained by the overall agreement among different sources as far as some general relationships are concerned, e.g. the agreement in the slope of the MRR for ETGs between Bernardi et al. (2010) and Burstein et al. (1997) . The same for the dwarf galaxies. However, since the groups of objects will be treated separately and only from a general qualitative point of view, no homogenization of the data is needed. Furthermore, despite the important remarks about the WINGS galaxies, we can say that there is no substantial difference passing from the MRR based on the Burstein et al. (1997) data, to the one based on the Bernardi et al. (2010) data, and finally the WINGS data. Our analysis of the MRR for ETGs (and partially spirals as well) will primarily stand on the SDSS sample of Bernardi et al. (2010) , thus securing internal homogeneity of the mass and radius estimates. Finally, in this study the MRR derived from the Bernardi et al. (2010) data will be considered as the reference case.
The Illustris database of individual galaxies and galaxy clusters
Our aim here is to present the numerical simulations of galaxies and clusters that we have used to interpret and reproduce the observed properties of real galaxies and clusters. The data are those provided by the Illustris simulation 3 (Vogelsberger et al. 2014a,b; Genel et al. 2014; Nelson et al. 2015 , to whom we refer for all details), a suite of large, highly detailed cosmological hydrodynamical simulations, including star, galaxy and black-hole formation and tracking the expansion of the universe (Hinshaw et al. 2013) . The procedure we have adopted to extract theoretical data from the Illustris database is amply described in D' Onofrio et al. (2019b) to whom the reader should refer for all details. Suffice to mention here that in order to follow the evolution of each galaxy we have extracted from the Illustris database the data of stellar mass, dark matter mass, total mass, luminosity, half-mass radius of the stellar component, velocity dispersion and star formation rate for the whole set of galaxies (with mass log(M s ) ≥ 9 at z = 0) in the selected clusters at the redshift z = 0, z = 0.2, z = 0.6, z = 1, z = 1.6, z = 2.2, z = 3 and z = 4. With these data we have analyzed the MRR at different epochs following the progenitors of each object.
In this section we present a quick analysis of the Illustris sample of numerical galaxy models. Hereinafter M D , R D , M B , R B , M s and R s are masses and half-mass radii of Dark Matter (DM), Baryonic Matter (BM) made of stars and gas (initially only gas) and stellar mass (initially zero), respectively. The total mass of a galaxy is defined as M T = M D + M B . At the beginning the ratio M D /M B = ω is fixed by the cosmological model of the Universe, in our case ω = 5.9 ≃ 6. It is worth keeping in mind that in the course of the formation and evolution processes the above masses can change in presence of galactic winds and/or stripping and/or acquisition of material by interactions with other galaxies or intergalactic medium. Fig. 2 whereas their analytical best-fits are given in Table 2 . At the beginning of the galaxy formation history, DM ad BM are in cosmological proportions, i.e. in the ratio M D /M B = ω ≃ 6 with the adopted cosmological scenario (ω = Ω m /Ω b ≃ 5.92). Star formation gradually stores more and more baryonic mass into stars. It may be worth of interest to evaluate the efficiency of the star formation process over the Hubble time in galaxies of different mass. As expected, the values of M s are much smaller than those of M D as the baryon mass M B is about 1/6 of the dark mass M D . Also, since not all the baryon mass is turned to stars, the ratio M s to M D is not constant, but significantly varies with M D and redshift. As presented in the left panel of Fig. 2 , the relation is linear at high redshift (z 2), so low mass galaxies build up less stars with respect to the more massive ones. For the masses below M D ≃ 10 12 M ⊙ the slope decreases at decreasing redshift so that more and more stars are present at given M D . At low redshift, (z 2) and for the masses below M D ≃ 10 12 M ⊙ again the slope tends to decrease at decreasing redshift and the above trend is recovered, but above this mass limit the opposite trend occurs, at given M D less and less mass in stars is present.
To quantify this picture we proceed as follows: with the aid of the analytical relationships listed in Table 2 we calculate the ratio M s /M D as a function of MD and obtain the linear best-fit of these values according to the expression log (
The coefficients α and β are listed in Table 3 for all values of redshift of the Illustris catalog. Finally we get the inverse of M s /M D given by the expression
In view of the discussion below it is worth of interest to define and evaluate the total mass
where the ratio M s /M B measures how much of the original BM mass is turned into stars. For the sake of illustration we list in Table 4 the ratio M s /M D as a function of the total mass limited to the case of z = 0. In general the ratios M s /M D and M s /M B decrease with the total galaxy mass. Similar results were found by Chiosi & Carraro (2002) , Merlin & Chiosi (2006 and Merlin et al. (2012) thus showing that old models were already able to catch the essence of the galaxy formation problem.
In similar way we derive the relations R s = ηR γ D that are shown in the right panel of Fig. 2 and the entries of Table 2 for the case of z = 0. The radius of DM is much more extended than that of the stellar component by a factor of about 3 to 10 as the galaxy mass increases from 10 9 M ⊙ to 10 13 M ⊙ . It is worth pointing out that on the average both the mass and dimension ratios M D /M B ≃ R D /R B ≃ 6, as predicted by the theory in Bertin et al. (1992) and Saglia et al. (1992) are confirmed by modern numerical models.
The slope γ of R s − R D relation (logarithmic) first decreases by about a factor of two passing from z=4 to z=1, and then increases again at z=0. What is more important is that while at high redshifts (our z=4, z=2 and z=1 cases) the galaxy distribution on the R s vs R D plane is a random cloud of points, at z=0 a regular trend gets in place in which R s increases with R D on the side of large values of R D (largest masses). On the side of low values of both radii and masses a cloud of points is still there. The effect of this is to increase the mean slope of the whole distribution. What does it imply? We will try to cast light on this issue.
The R s vs M s relation at different redshifts
In Fig. 3 we show the R s vs M s relations of the Illustris models at four values of the redshifts, namely from z=4 to z=0 using the color code we have adopted. Like the case of R s vs R D relations the distribution is clumpy and irregular (see below for more details) at high redshifts, but starting from z=1 and more evident at z=0 a linear relation (logarithmic scale) develops at the side of large masses, say 1 − 2 · 10 11 M ⊙ , which however seems to extend also to lower masses.
The best fit of the data at redshift z=0 using the relationship R s = ηM ǫ s (where masses and radii are in M ⊙ and kpc, respectively) yields the values listed in Table 5 . At higher redshifts, the tail at the side of large masses is much less evident if not missing at all. Perhaps only at z=1 there are some traces of it, so that the slope is much similar to that of the low mass galaxies at z=0, i.e. nearly flat. At any value of the mass in the mass range of the cloud of data, the dispersion in the radius is very large. At redshift z=0 the tail distribution has slope and zero point much similar to those derived by Chiosi et al. (2012) using the SDSS data of Bernardi et al. (2010) .
To conclude, in the high mass range the present-day R s vs M s relation agrees with the estimate made by Chiosi et al. (2012) using the galaxies of the Bernardi et al. (2010) catalog [log R s = 0.5 log M s −5.25], whereas in the lower mass interval the slope of the Illustris simulations is much flatter than that of real galaxies (see also the discussion in Chiosi et al. 2012) .
What is the reason for the cloud-like and tail-like distributions at low redshifts? Why the cloud-like one dominates in the low mass range and at high redshifts? The opposite trend happens for the tail-like one, which shows up in the high mass range and at low redshifts. What is the physical meaning of the two distributions? To cast light on these issues we proceed as follows.
The detailed history of the R s vs M s relation for selected models
The Illustris simulations are based on the hierarchical scheme, therefore each galaxy is the result of a number of mass acquisition/removal processes, which change the masses M D , M s and the radii R D and R s of the galaxy. For each galaxy in the sample at z=0, the Illustris data base provides the past history, i.e. the masses and radii of the components sub-units during the Hubble time. This means that we can reconstruct the past history in the R s vs M s plane of each galaxy from z=4 to z=0. These paths are shown in Fig. 4 for a few cases randomly chosen from the whole sample. Inspection of this this case and many others like it allows us to summarize the complex situation as follows: in mergers among low mass objects in general the mass and the radius increase, however, exceptions are possible; in general these models remain inside the cloud-like region of the R s vs M s plane; mergers among galaxies of relatively high mass tend to generate objects that shift outside the cloud and tend to fall close to a well behaved radius-mass sequence (actually they define it) and their locus agrees with the observational radius-mass relationship for ETGs (see e.g. Chiosi et al. 2012 , and references therein); finally the cloud-like region coincides with the distribution of dwarf galaxies of different type (see the discussion by Chiosi & Carraro 2002) . The MRR for massive galaxies is very close to the relation set by the condition of virial equilibrium (this issue will be examined in great detail below), so one is tempted to conclude that systems that at the present time (z=0) are able to satisfy the virial condition have the minimum energy and hence radius for their existing structure. Dwarf galaxies, most likely because they are undergoing active star formation, cannot be in this ideal condition. So the question arises spontaneously: do dwarf galaxies exist that fulfill the virial state? Given the mass of a galaxy (either acquired by mergers or already in place "ab initio"), the radius mirrors the condition of mechanical equilibrium of the system. In other words it is a consequence of the energy balance between external dynamical processes (collapse) or internal feed-back by star formation and other sources. To answer the above question one should look at galaxies in which at least the star formation activity and rate (SFR) has extinguished since a reasonable amount of time. To this aim we consider the z=0 sample (most likely containing many objects with null star formation) and isolate the galaxies 
D of the stellar and DM components of galaxies at different redshifts. Masses and radii are in M ⊙ and kpc, respectively. The models are from the Illustris catalog. Finally, in the table below B +Y 0 0.634 1.827 9.5 7.5 X > 11 0.294 -0.042 Table 4 . Efficiency of the star formation in galaxies of different mass observed at redshift z = 0. The efficiency is measured by the ratio M s /M D . The data are taken from the Illustris catalog of model galaxies. Masses are in M ⊙ . Table 5 . The case of 100 galaxies is displayed.
Redshift z=0
fulfilling the condition SFR=0. The results are shown in Fig. 5 . In addition to galaxies of high mass, there are also a few objects falling very close to the prolongation of best-fit line of the Bernardi et al. (2010) ETGs (see Chiosi et al. 2012 ). This conclusion is however biased by the large uncertainties on the SFR, which is known only up to three decimal digits. A SFR of the order of 10 −4 M ⊙ /yr or lower cannot be neglected in the case of dwarf galaxies. This may explain why even for this case a residual cloud-like feature still remains. 
The ratio M D /M s
In view of the discussion below it is worth examining the dependence of the ratio M D /M s on the halo mass M D . The ratio M D /M s depends on the galaxy mass and redshift. For low values of the redshift (say below 0.6) it gently increases with the mass M D : low mass galaxies are slightly more efficient in building their stellar content. The opposite occurs for higher redshifts, where the ratio M D /M s decreases with M D , i.e. the stellar mass built-up in low mass galaxies is expected to be less than in the massive ones. Furthermore, in using these data, we must keep in mind the upper limit set by cosmology to the existence of galaxies of high mass independently of the galaxy formation scenario. The dependence of M D /M s on M D and redshift is shown in Fig.  6 .
With the aid of these theoretical data for M D and M s , we derive the following analytical expression of the
The small black dots in Fig. 6 show the results for different values of redshift in the interval 0 to 10. The strong variation of the ratio M D /M s with redshift requires that an upper limit to the ratio is imposed when using eq. 
whereas Shankar et al. (2006) suggest that for M D < 10 11 M ⊙ the relation should be
with C a suitable proportionality constant to be determined. By imposing equality between the values of m determined with the two above relationships the proportionality constant is log C = 9.044. We plot the two relationships in Fig. 6 (the red and dark golden circles). The Fan et al. (2010) curve agrees with the one we have derived from the Illustris models for values of the redshift smaller than about 1.6. Similarly the Shankar et al. (2006) agree with the relationship from the Illustris model for redshifts in the range from 2 to 4. Amazingly, we can observe that if we extend linearly in Fig. 6 the Fan et al. (2010) (dark golden circles) to lower masses and the Shankar et al. (2006) curve (red circles) to higher values of the mass they encompass the theoretical predictions from the Illustris models for all the values of the redshift.
However, despite this lengthy discussion our knowledge of the function m(M D , z) is so uncertain that none of the relationships displayed in Fig. 6 leads to acceptable results. To cope with this, we have made a preliminary investigation on the base of which we came to conclude that only a mild dependence on the halo mass and redshift like the one proposed by Fan et al. (2010) leads to reasonable results. Basing on simple hydrodynamical models, we suggest and adopt the following dependence m = −2.5 log M D + 40.
(11)
Comparison between observations and theory
It is worth of interest to compare the present-day situation concerning the observational data and the theoretical models of galaxies, mostly ETGs and DGs, GCs of the Milky Way and GCGs of the Local Universe. In the various panels of Fig. 7 we display the following data: i) the worldwide known catalog of ETGs, DGs, GCs and GCGs of the Local Group and local Universe by Burstein et al. (1997) that is a fairly homogeneous set of data. The list of DGs is also integrated (although no attempt is made to homogenize the data) by that of Woo et al. (2008) , Geha et al. (2006) and Kissler-Patig et al. (2006) . The galactic GCs include also those of Pasquato & Bertin (2008) . All these groups of data are shown in the left panel.
ii) The SDSS data for ETGs by Bernardi et al. (2010) roughly covering the redshift interval z=0 to ≃ 2. This sample is by far more numerous than the previous one for galaxies of the same type. It is shown in the middle panel. iii). The data for ETGs, BCGs and GCGS by Valentinuzzi et al. (2011); Cariddi et al. (2018) using the data of the WINGS survey. They are shown in the right panel.
In all the three panels we display for the sake of comparison the hydrodynamical large scale simulations of the Illustris project Vogelsberger et al. (2014a,b) at redshift z=0 (the olive green dots).
Finally, in Fig. 8 we attempt a first comparison among simulations of ETGs of different mass by different authors, namely the galaxy models by Chiosi & Carraro (2002) according the pure monolithic scheme, those of Merlin & Chiosi (2006 ; Merlin et al. (2010 Merlin et al. ( , 2012 and Chiosi et al. (2012) according to the early-hierarchical scheme, and the Illustris models at z=0 by Vogelsberger et al. (2014a,b) for the fully hierarchical scheme. For the sake of completeness, the theoretical models are once more compared with observational data already displayed in the three panels of Fig. 7 .
Starting from the old data by Burstein et al. (1997) (left panel in Fig. 7 ) with ETGs' MRR given by eq. (1) with slope 0.6, we note that the most massive ETGs would be better represented by a slope ≃ 1 thus suggesting a MRR the slope of which slightly changes at increasing mass. Although this issue was shortly addressed by Chiosi et al. (2012, and references therein) , for the moment we leave it aside. We will come back to it later on. This best-fit-line, extended downward to the domain of GCs and upward to that of GCGs and vertically shifted by ∆ log R s ≃ 0.3, would match all three groups of objects and leave all the data in the semi-plane above it. On consideration of these premises, we note that the data by Burstein et al. (1997) well agree with the theoretical models of Illustris in the range of ETGs. Unfortunately Illustris does not extend enough into the regions populated by DGs, simply because for technical reasons the sample at z=0 is limited in mass at 10 9 M ⊙ and in addition to it the observational sample to disposal contains too few DGs. Therefore, nothing can be said for this type of objects. Finally we are not interested here in reconstructing detailed model of galaxy clusters, but simply in checking that the theoretical MRRs may reach the region of the MR-plane populated by these objects.
Exactly the same considerations and results are derived from using the Bernardi et al. (2010) data (middle panel of Fig. 7) , for which the best fit MRR of the sole ETGs is given by eq.(2), which is only slightly different from the previous one.
Now we compare the WINGS data of Valentinuzzi et al. (2011) including ETGs, BCGs and GCGs with the Illustris models (right panel of Fig. 7) . The WINGS data all together suggest a steeper slope of the log R s − log M s relation i.e. 0.95±0.02. The inclusion of galaxy clusters has forced the slope to higher values. Extending this relation (the solid line) to the domain of GCs would not match these objects. Furthermore, the WINGS data do not cover the region of galaxies with M s ≃ 10 9 M ⊙ so that they do not completely overlap the area reached by Illustris models.
However, limited to the case of ETGs, the agreement between theory (Illustris) and data is remarkable and the best fit of the ETGs alone (dashed line) would hit the region of GCs.
The main conclusion of this mutual comparison between data from different sources and the theoretical models of Illustris is that all of them seem to fairly agree each other. As a matter of facts, different sources of observational data, different photometry, and different volume coverage of the space, but similar results. This is very important, because they suggest that the conclusions are not severely affected by the source of data in usage.
Finally we proceed to compare theoretical models with other theoretical models: i.e. the position on the R s -M s plane of present-day galaxies calculated with the pure monolithic scheme (Chiosi & Carraro 2002) , the so-called earlyhierarchical scheme (Merlin & Chiosi 2006 Merlin et al. 2010 Merlin et al. , 2012 Chiosi et al. 2012) , and finally the pure hierarchical scheme (Vogelsberger et al. 2014a,b) for ETGs of different mass and different initial conditions. The results are shown in Fig. 8 . The black filled squares connected by the black line are the models by Chiosi & Carraro (2002) for low initial overdensity with respect to the surrounding medium and different mass, whereas the red squares connected by the red line are models of the same type but different mass and very high initial overdensity contrast. The three coral circles are monolithic models of the same mass (10 9 M ⊙ ) but different initial density contrast by Chiosi & Carraro (2002) . The blue filled squares connected by the blue line are the models by Merlin et al. (2010 Merlin et al. ( , 2012 . The cyan filled squares are incomplete models of different mass and initial over-density limited to the very first evolutionary stages calculated by Chiosi et al. (2012) according to the early hierarchical scheme. They were meant to localize the initial position of model galaxies on the MR-plane. Details on the input/output parameters of all the model galaxies are given in Table 7 , 8, and 9 of Appendix 6. It is worth noting that the slope of the MRR of the models at varying the mass but keeping constant the initial conditions (over-density) are very similar each other. Finally, dark olive green dots are the Illustris models at z = 0.
Remarkably, there is substantial agreement among the various types of models. Taking the Illustris case as a reference, the monolithic and early hierarchical models fall onto the same position on the MR-plane, the only difference being due to the richness of the three samples. While the Illustris models amount to more than 2500 models of different mass (total and stellar) and initial conditions that are picked up from large scale simulations (see Vogelsberger et al. 2014a,b , for more details), those by Chiosi & Carraro (2002) and Merlin & Chiosi (2006 ; Merlin et al. (2010 Merlin et al. ( , 2012 ; Chiosi et al. (2012) are much fewer in number and different way of defining the initial conditions. The Chiosi & Carraro (2002) models were designed and calculated one by one assuming the initial over-density of the protocloud with respect to the surrounding cosmological medium and the initial positions and velocities of the DM and BM particles, Those by Merlin & Chiosi (2006 ; Merlin et al. (2010 Merlin et al. ( , 2012 ; Chiosi et al. (2012) stem from mini-large-scale numerical cosmological simulations (about 10 Mpc by 10 Mpc) that allowed for repeated mergers among sub-clumps of DM and BM in the same field. In this respect they are somewhat similar to the models by Vogelsberger et al. (2014a,b) .
The results of Fig. 8 indicate that the hydrodynamical simulations of galaxies that more or less share the same initial conditions tend to converge to the same results no matter of details in input physics and numerical technique. In contrast, models with the same total mass but different conditions are located in different regions of the MR-plane. In any case, it is soon evident that A&A proofs: manuscript no. ms Table 8 . The blue squares and blue line are the hierarchical models by Merlin et al. (2010 Merlin et al. ( , 2012 , see Table 9 . The light blue-green squares are the ancillary model of Chiosi et al. (2012) , see Table 9. iso-initial-density lines populated by galaxies of different mass do exist that are running nearly parallel each other at varying the initial density. Higher initial density objects tend to remain smaller in size during their whole life. Finally, this comparison of different galaxy models indicates that also those obtained with modest computing resources are fully adequate to explore a large variety of astrophysical problems.
The most important issues and questions raised by this section are (1) understanding the physical meaning of the line splitting the MR-plane in two regions: (a) the one containing the observational data for objects with mass spanning about ten orders of magnitude from GCs to GCGs; (b) the one void of objects with exception of the much fewer compact galaxies (see Chiosi et al. 2012 , for a short discussion of the issue); (2) the fact that this line is unique and the separation is very sharp; (3) in principle galaxies of suitable mass and/or initial density could fall in the "forbidden semi-plane" but for some yet not clear reasons the vast majority of real galaxies do not. It is worth recalling that the "forbidden semiplane" coincides with the region named "Zone of avoidance (ZOE) by Burstein et al. (1997) . A plausible explanation of the "forbidden semiplane" has been advanced long ago by Chiosi & Carraro (2002) and Chiosi et al. (2012) . Considering the recent wealthy of modern data and theoretical models, in the following we go over it again.
Theoretical predictions for the MRR
In this section, we examine the theoretical foundations of the MRR and highlight the possible physical causes of its occurrence.
The MRR of collapsing proto-galaxies made of DM + BM
Independently of the formation scheme (either monolithic or hierarchical) the seeds of galaxy structures are perturbations of matter made of DM and BM that undergo collapse when the density contrast with respect to the surrounding medium reaches a suitable value. Assuming spherical symmetry for the sake of simplicity, the MRR for individual galaxies is given by
where ρ u (z) ∝ (1 + z) 3 is the density of the Universe at the redshift z, and λ the factor for the density contrast of the DM halo. This expression is of general validity whereas the function λ depends on the cosmological model of the Universe, including the Article number, page 10 of 22
Chiosi, D'Onofrio, Merlin, Piovan, Marziani: The Mass-Radius relationship Λ-CDM case. All details and demonstration of it can be found in (Bryan & Norman 1998 , their Eq. 6).
In the context of the Λ-CDM cosmology, Fan et al. (2010) have adapted the general relation (12) to provide an expression correlating the halo mass M DM and the star mass M s of the galaxy born inside it, the half light (mass) radius R s of the stellar component, the redshift at which the collapse takes place z f , the shape of the BM galaxy via a coefficient S S (n S ) related to the Sersic brightness profile from which the half-light radius is inferred and the Sersic index n S , the velocity dispersion of the BM component with respect to that of DM (expressed by the parameter f σ ), and finally the ratio m = M DM /M s . The expression is
Typical value for the coefficient S S (n S ) is 0.34. Furthermore, f σ yields the three dimensional star velocity dispersion as a function of the DM velocity dispersion, σ s = f σ σ DM . Here we adopt f σ = 1. For more details see Fan et al. (2010) and references therein.
The most important parameter of eq. (13) is the ratio m = M DM /M s . The empirical data confine it in the range 20 to 40, whereas the numerical simulations seem to tell a different story. Our preliminary analysis confines the m(M D , z) within a rather narrow range of possible values and suggest that the best choice could be our eq. (11).
We point out that relation 13 is strictly valid only for monolithic infall of BM into collapsing DM potential wells. Nevertheless, this formula provides a general reference to obtain the typical dimension of a galactic system as a function of its mass and formation redshift. While adjustments are possible, the general trend is well defined. However, some deviations from this law are possible and expected, e.g. for low redshifts. See below for further discussion. The MR-plane of the hydrodynamical models and the loci expected for different redshift from eqn. (13) above are shown in Fig. 9 together with the ETGs by Bernardi et al. (2010) .
The slope of relation (13) is nearly identical to the one estimated from the hydrodynamical models; the small difference can be fully ascribed to the complex baryon physics, which causes the stellar system to be slightly offset with respect to the locus analytically predicted from DM halos. Therefore, a model slope (close to 1/3) different from that of the observational MRR is not the result of inaccurate description of the physical processes taking place in a galaxy; on the contrary, it mirrors the fundamental relationship between mass and radius in any system of given mean density. Indeed it is remarkable that quite complicated numerical calculations clearly display this fundamental feature. If this is the case, why do real galaxies gather along a line with a different slope?
What is still missing in the above MRR is that galaxies (globular clusters and cluster of galaxies) form and evolve in a given cosmological scenario which ultimately drives the demography of objects over a large range of mass and dimensions in any given volume of arbitrary size of the Universe. In other words, the real MRR is given by the convolution of the MRR of each component with the underlying cosmological scenario that determines the the mass interval spanned by galaxies at each redshift and the the relative percentage of galaxies of a certain mass with respect to the others (otherwise known as halo mass function).
The MRR from DM Halo Growth Function n(M DM , z)
The similarity of the MRR passing from star clusters to single galaxies of different mass and morphological type and eventually to galaxy clusters suggests that a deep relation exists between the way all these objects populate the MR-plane and the cosmological growth of DM halos.
The distribution of the DM halo masses and their relative number density as a function of the redshift has been the target of numberless studies which culminated with large scale simulations of the structure of the Universe, we quote here one for all, i.e. the Millennium Simulation (Springel et al. 2005) . In parallel many studies have investigated the so-called halo growth function, HGF as the integral of the halo mass function, HMF. Among others (see for instance Angulo et al. 2012; Behroozi et al. 2013 ) we recall and make use of the results by Lukić et al. (2007) who, using the Λ-CDM cosmological scenario and the HMF of Warren et al. (2006) , derive the HGF n(M DM , z). This gives the number density of halos of different masses per (Mpc/h) 3 resulting by all creation/destruction events. The growth function is expressed in terms of the normalized Hubble constant h = H 0 /100, where H 0 is assumed to be H 0 =70.1 Km/s/Mpc. The explored interval of redshift goes from 0 to 20. The n(M DM , z) function of Lukić et al. (2007) is shown in Fig. 10 4 . Similar HGF are by Angulo et al. (2012 ) Behroozi et al. (2013 . For more details, see Chiosi et al. (2012) . Table 6 . Coefficients of the polynomial interpolation of the relation (14), which provides the number density of haloes n(M DM , z) per (Mpc/h) 3 . 6.59657e-5 -7.19134e-4 -6.99445e-2 1.06782e-1 -2.45684 5e13 -7.34568e-4 9.99022e-3 -1.65888e-1 -9.48292e-2 -3.11701 5e14 4.89975e-3 -5.17004e-2 -1.61508e-1 -5.83065e-1 -4.28270
Mass [M ⊙ /h]
The analytical representation of the n(M DM , z) function displayed in Fig. 10 is given by
where the coefficients A n (M DM ) are listed in Table 4 .1. Then we count the total number of halos per mass-bin ∆ log M DM at redshift z = 0. This is simply given by reading off the values of the curves along the y-axis and interpolating for intermediate values. These are the halos that would nowadays populate the synthetic MR-plane and that should be compared with the observed galaxies. Since the total number of halos read off the Lukić et al. Although what we are going to say is well known, see the pioneer study of Press & Schechter (1974) and Lukić et al. (2007, for ample referencing), for the sake of clarity and as relevant to our discussion we note the following: (i) for each halo mass (or mass interval) the number density is small at high redshift, increases to high values toward the present, and depending on the halo mass either gets a maximum value at a certain redshift followed by a decrease (typical of low mass halos) or it keeps increasing as in the case of high mass halos. In other words, first creation of halos of a given mass (by spontaneous growth of perturbation to the collapse regime) overwhelms their destruction (by mergers), whereas the opposite occurs for low mass halos past a certain value of the redshift; (ii) at any redshift high mass halos are orders of magnitude less frequent than the low mass ones; (iii) at any redshift, the mass distribution of halos has a typical interval of existence whose upper mass end (cut-off mass) increases at decreasing redshift.
Given a certain number density of halos N s , on the n(M DM , z) − z plane of Fig. 10 this would correspond to an horizontal line intersecting the curves for the various masses at different redshifts, i.e. obeying the equation n(M DM , z) = N s . Each intersection provides a pair (M DM , z) which gives the mass of the halos fulfilling the condition N s = n(M DM , z) at the corresponding redshift z (or vice-versa the redshift satisfying the condition for each halo mass). For any value N s we get an array of pairs (M DM , z) that can be extrapolated to a continuous function that, with the aid of the Fan et al. (2010) relationship (in which the parameters m and f σ are fixed), provides the corresponding relationship between the mass in stars and the half-mass radius of the baryonic galaxy associated to a generic host halo to be plotted on the MR-plane. Repeating the procedure for different values of N s , we get a manifold of curves on the MR-plane. It turns out that with the N s corresponding to 10 −2 halos per (Mpc/h) 3 , the curve is just at the edge of the observed distribution of ETGs on the MRplane. Higher values of N s would shift it to larger halos (baryonic galaxies), the opposite for lower values of N s . Why is N s = 10 −2 halos per (Mpc/h) 3 so special? Basing on crude, simple-minded arguments we recall that the total number of galaxies observed by the SDSS amounts to about ≃ 10 6 , whereas the volume of Universe covered by it is about ≃ 1/4 of the whole sky times a depth of ≃ 1.5 × 10 9 light years, i.e. ≃ 10 8 Mpc 3 , to which the number density of about 10 (11) we derive the quantity m and from its definition we obtain M s = M DM /m. Finally, from eq. (13) we derive the associated radius R s .
The analytical fit of the MR relation determined in this way and limited to the mass interval 9.5 ≤ log M s ≤ 12. This relation is meant to fit the distribution of the sole ETGs on the MR-plane. We note that the slope gradually changes from 0.5 to 1 and above as we move from the low mass to the high mass range. It is worth recalling here that a similar trend for the slope is also indicated by the observational data (see van Dokkum et al. 2010 , and references therein). Owing to the many uncertainties we do not try to formally fit the median of the empirical MRR, but we limit ourselves to show that the locus predicted by N s = 10 −2 halos per (Mpc/h) 3 falls on the MRplane close to the observational MRR. Lower or higher values of the halo number density would predict loci in the MR-plane too far from the observational MRR.
Finally, we call attention on the fact the locus on the MRplane defined by the relation (16) is ultimately related to the top end of the mass scale of halos (and their associated baryonic objects) that can exist at each redshift. In other words, recalling that the mass of any intersection pair for N s = 10 −2 corresponds to halos becoming statistically significant in number on the observed spatial scale at the associated redshift, this can be interpreted as the so-called cut-off mass in the Press & Schechter (1974) or equivalent formalisms (see Lukić et al. 2007 , for details and references). Therefore, this provides also an upper boundary to the mass of galaxies that are allowed to be in place (to collapse) at each redshift. We name these locus the Cosmic Galaxy Shepherd (hereafter CGS). All this is shown in Fig. 11 , where we also plot the curves relative to N s = 10 −8 halos per (Mpc/h) 3 , corresponding to 1 halo per 10 8 (Mpc/h) 3 , for the sake of comparison.
There are two points to be clarified. First, this way of proceeding implies that each halo hosts one and only one galaxy and that this galaxy is an early type object matching the selection criteria of the Bernardi et al. (2010) sample. In reality ETGs are often seen in clusters and/or groups of galaxies and many large spirals are present. Only a fraction of the total population are ETGs. One could try to correct for this issue by introducing some empirical statistics about the percentage of ETGs among all types of galaxy. Despite these considerations, to keep the problem simple we ignore all this and stand on the minimal assumption that each DM halo hosts at least one baryonic component made of stars. This is a strong assumption, on which we will come back again later on. Second, we have assumed that m varies with the halo mass. According to Fan et al. (2010) , the empirical estimate of M DM /M s ration is about 20-40, our estimate yield a mean value m ≃ 20. However, a slightly higher value for m does not invalidate our analysis, because it would simply shift the location of the baryonic component on the MRplane corresponding to a given value of N s . Finally, f σ = 1 is a conservative choice. The same considerations made for m apply also to this parameter.
Along the line for the Cosmic Galaxy Shepherd, redshift and cut-off mass go in inverse order, i.e. low masses (and hence small radii) at high redshift and vice-versa. This means that a manifold of MRRs defined by eqn. (13), each of which referring to a different collapse redshift, can be selected, and along each MRR only masses (both parent M DM and daughter M s ) smaller than the top end are permitted, however each of which with a different occurrence probability: low mass halos are always more common than the high mass ones. In the observational data, it looks as if ETGs should occur only towards the high mass end of each MRR, i.e. along the locus on the MR-plane whose right hand side is limited by the CGS. This could be the result of selection effects, i.e. (i) galaxies appear as ETGs only in a certain interval of mass and dimension and outside this interval they appear as objects of different type (spirals, irregulars, dwarfs etc..), or (ii) they cannot even form or be detected (e.g. very extended objects of moderate/low mass). Finally, in addition to this, we argue that another physical reason limits the domain of galaxy occurrence also on the side of the low mass, small dimension objects. We will come to this later on.
More on the cosmic galaxy shepherd
If we compare the present-day position of the reference hydrodynamical models on the MR-plane with the region populated by real galaxies (see Fig. 7 and/or Fig. 9 ), at a first glance one would be tempted to conclude that only the high mass models suited to massive ETGs fairly agree with observations, whereas the low mass ones (and to some extent also those of intermediate mass) apparently have too large radii with respect to their masses. However, before drawing the conclusion that essentially the models fail to reproduce the data, it is worth recalling that a the observational distribution of galaxies on the MR-plane result from the combined action of may factors not yet taken into account by our analysis. Is the observational sequence of ETGs populated only by galaxies behaving as our massive ones? Or A&A proofs: manuscript no. ms what else? Since for any value of the halo mass there is a certain redshift below which halos of this mass start decreasing in number by mergers (Lukić et al. 2007) , galaxies generated by those halos become more and more unlikely as it should be the case for our low mass models. Indeed when at a given redshift we have assumed the existence of halos of any mass, we have neglected this important effect. Similar considerations would also apply to halos of large mass. Therefore, the situation may occur that halos/baryonic galaxies are calculated and plotted onto the MR-plane even though according to the above arguments their existence is very unlikely. On this ground, we argue that the observational MRR of ETGs (galaxies in general) is the result of convolving two agents: the halo growth function providing the number density of halos of different mass as a function of the redshift (in the concordance Λ-CDM Universe), and the fundamental MRR determining the size of a galaxy as a function of its mass and formation redshift.
Tightening things up in cosmological context
In this section we seek a common explanation for the observational distribution of astronomical objects going from Globular Clusters, to galaxies like DGs, ETGs (and to a less extent also Spiral Galaxies) to Clusters of Galaxies, the mass of which spans about eleven orders of magnitude. The situation is shown in Fig.  12 . The pale-blue filled circles are the normal/giant ETGs, dwarf DGs, the globular clusters, and the Galaxy Clusters.
Let us quickly summarize once more the main features of the distribution:
(i) The family of Globular Clusters is well detached from the body of normal/giant ETGs (let us say those with mass larger than about 10 10 M ⊙ ). However, the region in between is populated by DGs. At the top of the distribution there are the Galaxy Clusters with the largest radii and masses. The richest sample to our disposal is made of ETGs (the Spiral Galaxies occupy more or less the same region). The relative number of objects per group is not indicative of the real number frequencies because severe selection effects are present. The best fit of the ETGs data from the various sources yields the relations of eqn.(1) for Burstein et al. (1997) , eqn.(2) for Bernardi et al. (2010) and eqn.(3) for the WINGS data, in which only objects with M s ≥ 10 10 M ⊙ not to affect the samples with DGs. Since the slopes differ by 0.1 and the zero-points by 0.88, we consider the three relationships fully equivalent.
(ii) If we extrapolate any of the relation above holding for massive ETGs downward to the mass range of Globular Clusters and upward to that of Galaxy Clusters, we see that the same relation provides a lower limit to Globular Clusters, passes through ωCen and M32, provides the lowest limit to the distribution of DGs and finally Galaxy Clusters.
(iii) There are no galaxies in the semi-plane for radii R s smaller than the values fixed by relation (2), independently of the galaxy mass, but for the so-called "compact galaxies" that we will examine in a forthcoming paper (Chiosi et al. 2019 in preparation) .
(iv) Starting from the cosmological HMF we have been able to derive a MRR named Cosmic Galaxy Shepherd providing a sort of mass limit in the MR-plane to the distribution of ETGs. The analytical expression for this limit is given by eq. (16) and it plays the same role as the three MRR above. The only difference is that it gradually changes its slope from ≃0.5 to ≃ 1 at increasing the galaxy mass. Extending the Cosmic Galaxy Shepherd down to Globular Clusters and up to Galaxy Clusters a different analytical approximation is possible log R s =0.007584(log M s ) 3 − 0.1874 (log M s ) 2 + 1.908(log M s ) − 9.027 (17) with R s and M s in the usual units. This line is the analog of the linear global fit above. As already said it represents the cut-off mass of the halo distribution function at varying redshift. This coincidence provides a profound physical meaning to the transverse line splitting the MR-plane in two regions, i,e. the region in which the vast majority of galaxies are found and the region of avoidance.
(v) Galaxy models tell a more complicated situation. The monolithic hydrodynamical models by Chiosi & Carraro (2002) and the series of early-hierarchical models by Merlin et al. (2012, shortly indicated Mod-M) yield the following MRRs
It is worth noting that both the slope and zero point of models Mod-A and Mod-B change with the redshift, models Mod-M are similar to models Mod-B, and finally the variation in slope is smaller than that in zero-point. Recalling that the three groups of models are calculated with different redshift of galaxy formation (hence initial density) but similar internal physical processes, this means that the slope is fixed by the physical structure of the models, whereas the zero-point is reminiscent of the initial density. The slope of the above relations is not identical to that of ETGs, relation (2), but more similar to that of DGs. However, along the sequence of each group, the most massive models in which star formation is terminated fall into the region of ETGs. Therefore, the expected general situation would correspond to a manifold of such relations each of which labeled by the initial density (formation redshift in turn) and along which galaxies of different mass are located. The most massive of all these would populate the ETGs sequence. The Illustris models yield similar relationships, once they are split in two groups log R s = 0.297 log M s − 2.513 for log M s ≤ 10.5 (21) and log R s = 0.519 log M s − 4.492 for log M s ≥ 10.5
The first relation holds for the vast majority of models and reminds the one of normal DGs, whereas the second relation holds for a small group of objects and is close to the case of ETGs. Furthermore, the models of the first group with the MRR of eq. (21) are the seeds of bigger galaxies, which after reaching a suitable value by mergers and terminating all star formation activity, give origin to galaxies located along the MRR of eq (22). Finally, the MRR of eq.(13) of Fan et al. (2010) with slope 0.333 is nearly identical to that of theoretical models, i.e. eqns. (18), (19), (20), and (21). In other words, by construction the Fan et al. (2010) lines visualize galaxies born at the same redshift but with different masses. The most important issue here is "Why observation MRRS for ETGs are so different from the theoretical ones but for the most massive objects?" (vi) To answer the above question, we start from the following general considerations. It goes without saying that the gravitational collapse of proto-clouds giving origin to a galaxy 9 M ⊙ galaxy with slightly different initial densities (see the entries of Table 7 ). The filled red squares are the hierarchical models of Merlin et al. (2012) and the filled dark-gold squares are the models of Chiosi et al. (2012) , see Tables 8 and 9 . The four long-short dashed lines labeled Mod-A, Mod-B (two lines for z f = 1 and z f = 2) and Mod-C are the analytical relationships of eq. (27) showing the loci of constant initial density for different values of redshift of galaxy formation z f as indicated. The empty star labeled "merger" shows the effect of merging two disc-galaxies, each of 10 11 M ⊙ total mass. The magenta solid lines are the MR of galaxies in virial conditions and with different velocity dispersion (50, 250 500 km/s from left to right) The dotted black lines labeled by different values of z f are the MRR expected for galaxies with total mass equal to 10 × M co (z), the cut-off mass of the Press-Schechter at varying z f according to relation (29) . The horizontal blue line shows the interval for M s corresponding to initial masses M co (z) < M T < 10 × M co (z). The large empty circles visualize the intersections between the lines of constant initial density and the MRRs for 10 × M * galaxies for equal values of the redshift. All the intersections lie very close to the relation of eq. (2) shown by the dark-red solid line. This is the linear interpretation of the observed MRR. Finally, the dark-green curved lines with the large filled circles of the same color shows the expect MRR from the cosmological distribution of DM halos of different mass by Lukić et al. (2007) and the solid thick blue line is the extension of this latter to the domain of globular clusters and galaxy clusters. A small shift in log R s has been applied for a better visualization in order to avoid superposition with the dark-green curve. Note the ever changing slope decreasing with the halo mass and the stellar mass. Remarkably the curved line first runs very close to the large empty circles, second accounts for the observed MRR passing from globular clusters to galaxy clusters (about ten orders of magnitude difference in the stellar mass). is in general accompanied by important side phenomena such as star formation and consequent energy feed-back, gas cooling and heating, galactic winds removing energy and mass, mass and energy acquisition by mergers, etc. Therefore the theoretical models may change depending on the detailed physical description of all these energy producing/removing phenomena together with those for the mass acquisition/loss. In this scenario, the ideal reference galaxy formation picture would be the dissipation-less collapse of DM+BM halos originated from primordial density perturbations of rms amplitude toward the equilibrium structure (Gott & Rees 1975; Faber 1984; Burstein et al. 1997) . In brief, if δ is the rms amplitude of primordial density perturbations of total mass
where M T is the mass at the initial red-shift, and n is the slope of the density fluctuation δ. After collapse, the equilibrium structure of a halo originated from given δ and M T follows the relations (Gott & Rees 1975) 
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Inserting n = −1.8, the power spectrum of CDM (Blumenthal et al. 1984) , we get the relation
The slope of the MRR derived from the dissipation-less collapse is the same of eqn. (2) for ETGs. Based on the above considerations, one might be tempted to conclude that equation (2) represents the locus in the MR-plane of galaxies whose initial conditions (mass, radius, mean density, etc.) and final M s and R s are governed by the primordial density fluctuation spectrum and the virial equilibrium. In such a case, special conditions ought to hold for DGs as they clearly deviate from this relationship.
In the standard monolithic scenario, in addition to star formation and the various gas heating and cooling processes, and galactic winds are the additional key process to consider. The models by Chiosi & Carraro (2002) are particularly useful in this respect. Let us recall here that while the zero-point of relation (2) is set by the available data, the one of relation (26) is still arbitrary. Fortunately, what matters here is only the slope. Secondly, we note that for the models whose effective radius is larger than predicted by eq. (2) or eq. (26), Mod-B in particular, a nice correlation exists between the ratio ∆R s /R s and ∆M g,w /M g , where ∆R s = R s − R * s , where R * s is the effective radius they would have if they were strictly following eq. (2), and ∆M g,w /M g is the fractional gas mass lost in the galactic wind (see the entries of Table 7 in Appendix 6). We find that ∆R s /R s increases with ∆M g,w /M g . The stronger the galactic wind, the larger is the increase in the final effective radius. In other words, galaxies tend to depart from the locus represented by eq. (2) at increasing galactic winds, the low mass ones having the strongest effect. In addition to this and worth being noted is that the relative efficiency of galactic winds tends to decrease at increasing initial density (compare models A and B in Table 7 of the Appendix 6). This means that the effect of galactic winds in inflating low mass galaxies of high initial density is lower so that their final radius will be closer to the value predicted by eqs. (2) and/or (26). The conclusion is that the flatter slope of the theoretical MRR is likely caused by the galactic winds.
In the case of the hierarchical scenario, the situation is more complicated because galactic winds and mergers both concur to inflate a galaxy. To clarify the issue we made use of the hydrodynamical simulations by Buonomo (2000) of galaxy mergers of which we know all details. He simulated a 2 × 10 11 M ⊙ galaxy by merging two disc-like sub-units, each one having a total mass (BM+DM) equal to 1 × 10 11 M ⊙ , and ratio of BM to DM equal to 0.1. At the time of encounter the mass in stars of each subunit was about M s = 6 × 10 8 M ⊙ and the mass in gas was about M g = 9.3 × 10 9 M ⊙ . The encounter was accompanied by little SF, so that the total mass in stars, gas, and BM of the newly formed galaxy was M s = 1.2 × 10 9 M ⊙ , M g = 1.8 × 10 10 M ⊙ and 2 × 10 10 M ⊙ , respectively. The shape of the composite galaxy reminded that of an elliptical one, and had an effective radius R s = 8.4 kpc. The merger galaxy is shown in Fig. 12 by the big empty star. It looks like our models B of comparable total star mass except for the fact that it is more diffuse. Based on these calculations we estimate that merging two single disc-like objects made of stars and gas to build up a galaxy with twice as much total mass as the component galaxies would generate an elliptical like galaxy whose relative star mass and effective radius are smaller and higher, respectively, by ∆M s /M s ≃ −0.9 and ∆R s /R s ≃ 0.5 compared to the case of an elliptical of the same mass obtained by means of the monolithic scheme. If on one hand it is once more confirmed that mergers tend to inflate the final object (see Hernquist 1992 Hernquist , 1993 , on the other hand the merger products offer little leverage for a satisfactory reproduction of the observational data. We expect indeed that their loci in Fig. 12 , would be a line passing through the big star and running parallel to lines A and B.
On consideration of these premises, we suggest that the observational MRR of ETGs, either eqn.(1) or eqn. (2) or eqn. (3), represents the locus on the MR-plane of galaxies whose formation and evolution closely followed the scheme of dissipationless collapse, i.e. the ones of the largest mass for each formation redshift and no active star formation. The DGs or less massive objects have a different interpretation, because they significantly depart from the above evolutionary scheme and the MRR holding for ETGs.
(vii) We now proceed to define in Fig.12 two loci and a mass interval as function of the initial density (redshift) that are relevant to our purposes:
(a) The first one is the locus of constant initial density at varying redshift. With the aid of the numerical results for models A and B of Chiosi & Carraro (2002) , whose initial density corresponds to z ≃ 5 and z ≃ 1, respectively, one may derive the following analytical relationship in which both the zero-point and the slope are functions of the formation redshift, and use it to predict the position on the MR-plane of models with other values of the initial density (formation redshift)
The following cases are are shown in Fig. 12 : z f ≃ 1 (Mod-B), z f ≃ 5 (Mod-A), z ≃ 2 and z f ≃ 10 (Mod-C). The procedure is safe thanks to the regular behavior of the models and the densitymass relationship of eq. (26). The similar loci can be derived using the Fan et al. (2010) relations of eq.(13). They are indicated by solid orange lines in Fig. 12 corresponding to redshifts z f ≃ 1, z f ≃ 2 ≃ 5 and z f ≃ 10 from the top to bottom. There is no exact correspondence between the two groups of MRRs that can be justified my the uncertainty on the main parameters of eq.(13), namely f σ , m, and Sersic index. We will make use only of the MRRs predicted by eq.(27).
(b) The second locus is the MRR for galaxies with the statistical maximum mass allowed at any redshift. This is given by the HGM. This relationship can be derived (either graphically or numerically) from the Lukić et al. (2007) relation. However, for the sake of a very simple yet instructive analytical approach we prefer to make use of the classical Press & Schechter (1974) function as a sort of IMF for galaxies in the simplistic assumption of one galaxy per halo and consider its cut-off mass M CO T as our limit to the maximum mass of galaxies at any value of the redshift. According to the Press & Schechter (1974) formalism, the fraction of mass in halos with mass total M T per mass interval dlnM T is
with the well-known exponential cut-off for masses larger than M CO T . The cut-off mass varies with the redshift according to
The exponent n is the slope of the initial power spectrum of the perturbations, M N is a suitable normalization mass scale. At any redshift, most of the galaxies have total masses smaller than M CO T , even if higher values cannot be excluded. Indeed, the fractional mass in (or fractional number of) galaxies with mass greater than M CO T is a function of n. For n=-1.8, the percentage of galaxies in the mass interval M CO T < M T < 10 × M CO T amounts to about 15% and in the range 10 × M CO T < M T < 100 × M CO T to about 1%. Therefore, at any redshift galaxy masses up to say 10 × M CO T may occur with a sizable probability. With the aid of the relationships presented in Table 7 of Appendix 6 (providing the mass in stars and effective radius of BM as a function of M T ) and limited to the case with M T = γ M CO T for γ = 10 and power spectrum n = −1.8, we get
where R s and M s are in kpc and M ⊙ . These loci are shown in Fig. 12 by the dotted lines labeled by the redshift, namely z ≃ 1, ≃ 5 and 10. On the MR-plane, they represent the rightmost extension of the lines of constant density and maximum galaxy mass in turn. At decreasing redshift the boundary progressively moves toward higher masses. Similar lines and conclusions can be recovered using the HGF of Lukić et al. (2007) . 10 M ⊙ to 10 12 M ⊙ is fully compatible with a redshift of formation falling in the range 2 to 1. This interval is also the mass range over which at each redshift the probability for the occurrence of massive galaxies falls to negligible values. In other words on the MR-plane the border of the MRR has a natural width.
(viii) Having set the whole scene, we proceed to the final step. If our reasoning is correct the basic relationship for ETGs, either eqs. (2) or (26), however extended to the whole mass range of the objects under consideration (from GCs to GCGs) should correspond to the intersection of lines of constant density and the lines γ M T = M CO T (z) for equal values of the redshift, at least for all values of redshift greater than about 1. This indeed is what we see in Fig. 12 (the large circles) . This provides the analytical demonstration that the observational MRR stems from the product of two main drivers: the mechanism governing galaxy formation (monolithic, early-hierarchical, or fully hierarchical) and the HGF and their variations with the redshift. The MRR is the locus of objects in mechanical (virial) equilibrium and passive or nearly passive evolutionary stage. Spiral galaxies occupy nearly the same location on the MR-plane thus suggesting that their ongoing star formation is not affecting the overall situation of mechanical equilibrium of the whole system. Given that linear relations have been used, the result is a straight line visualized by the large circles. This demonstration of the complex nature of the observational MRR is based on the euclidean "ruler and compass" method of classical geometry. The correct evaluation would by given by the numerical folding of the Lukić et al. (2007) HGF and the relationships of constant initial density for different values of the redshift. The result is the curved thick blue line shown in Fig. 12. (ix) Finally, it is worth noting that the slope of MRR derived from the HGF is about 1 in the range of massive galaxies (say above 10 12 M ⊙ , i.e. identical to the MRR that one would derive from the virial theorem. This may suggest that the observed MRR and its slope are driven by the virial condition whereas the true driver of the MRR slope is the HGF, more precisely its fall off toward high values of the halos' masses at any value of the redshift. On the other hand, all objects along the MRR are indeed in virial conditions once any mechanical process and star formation are at rest.
General remarks and conclusions
What can we learn from all these observational hints, and striking coincidence between data and theory? Seeking for a coherent picture, one is tempted to suggest the following scenario:
(i) According to their initial density galaxies of given total mass will distribute in the MR plane along lines of type A and/or B and/or C. The initial density is not constant as a function of the redshift, but progressively decreasing as z f tends to zero. The permitted mass intervals for the total (and baryonic) mass of the galaxies is not constant, but progressively increasing at decreasing redshift. At redshifts of about 1 to 2, galaxies with total mass up to a few 10 12 M ⊙ are in place and their MRR will extend up to the range populated by the galaxies we see today.
(ii) The expectation is that galaxies of any mass and initial density crowd a strip bounded by the lines of maximum and minimum initial density (say redshifts from about 10 to 1-2) and the line corresponding to their maximum mass in the HGF for the same redshift.
(iii) In this context, the semi-plane below either relation (26) in the simple description or relation (17) based on the Cosmic Galaxy Shepherd and the HGF in turn, is void of galaxies, because they would be too massive at given initial density (redshift) to be compatible with the maximum mass of the HGF in general for all values of the redshift.
(iv) In the semi-plane above relation (26) and/or (17), the available data are not statistically complete, so that in the range of low mass galaxies we have only those of the Local Group (M32 and ωCen include). Dwarf galaxies of large effective radius are simply not in the sample.
(v) It is interesting to recall that recent observations of the Fornax cluster (Im et al. 2001 ) a new type of dwarf galaxies has been discovered. These have intrinsic sizes of about 100 pc and are more compact and less luminous than other known compact dwarf galaxies, yet much brighter than globular clusters. Their absolute magnitude is about M B = −13 (two magnitudes fainter than M32). Are these objects representing the low mass tail of galaxies falling along line A in Fig. 12? (vi) Globular clusters (of the present sample) are more difficult to discuss because, being bound to the Milky Way, they have certainly suffered many external (and internal) dynamical processes that may have changed their present mass and radius.
(vii) Finally, with the aid of our models we endeavor to speculate on the origin of the present-day MRRs and their difference of between ETGs and DGs. For both we suggest a common origin stemming from the interplay among several processes, i.e. the initial density together with total mass that drive the star formation history, the efficiency of energy feed-back in triggering galactic winds that affects the mass and size of the objects, the merger history of a galaxy, and the steady increase of the maximum mass reachable by HGF at decreasing redshift and or de-A&A proofs: manuscript no. ms creasing mean density of the Universe. High density (low mass) objects are the first to form stars in the remote past followed by objects of lower density (higher mass). The MRRs of eq.(2) or (26) simply reflect the above interplay. Galaxies as massive as a typical 10 12 M ⊙ object can be in place at redshifts from 2 to 1 for which, after the first initial activity, passive evolution is expected. They generate the MRR of dynamically stable and passively evolving objects in virial conditions, the shape of which is driven by the cosmological distribution (mass and relative number density) of the halos hosting the visible galaxy. Since the HGF is not a linear function, the slope of the MRR continuously varies from ≃ 0.5 to ≃ 1, Objects in similar physical conditions (passive evolution and virial regime) but with lower mass (say up to 10 10 M ⊙ ), closely follow the MRR of the dissipation less case (slope of about 0.5 or so) and yet are in virial conditions (see GCs and DGs). All other galaxies being still far from these ideal conditions because of active star formation, presence of galactic winds, occurrence of repeated mergers, etc., strongly deviate from the ideal MRR of objects in mechanical and thermal equilibrium.
Fig. 14. Star formation histories for the reference models of Merlin et al. (2012) framed in the Λ-CDM of the Universe. The input data and parameters for these models are described in the text and listed in Table 8 . Left to right: high density, intermediate density, low density, very low density. Left: high masses. Right: low masses. Figures reproduced from Merlin et al. (2012) . star formation to occur is reached and /or sufficient number of stars are formed, the newly born galaxy has much smaller dimension with respect to the corresponding object with higher efficiency of star formation. All the ancillary models are calculated limited to the very early evolutionary stages, to show in the MR-plane the initial position of a model galaxy in which the gas content has reached densities much higher than the formal mean background density fixed by cosmology. The parameter f δ indicates the factor by which the initial density of same model in the first group (Table 8) is scaled. As already said in these models we also change the efficiency of star formation ǫ s f as indicated in column (3) Table 9 . In a few models, indicated by ǫ s f (z), the efficiency of star formation increases with metallicity Z of the gas content according to ǫ s f = MIN(1., 10.
(.5 log(Z)+1.) ) on the notion that a metal-rich gas finds it easier to collapse and form stars. The efficiency goes from ǫ s f = 0.1 for Z=0.0001 to ǫ s f = 1 for Z=0.01 (close to the solar value). No special meaning must be given to this relation, it is simply meant to evaluate the effect of an efficiency of star formation increasing with the metallicity. In any case, this effect plays a marginal role on the position of the model galaxies on the MR-plane, see the entries of Table 9 . The effects of higher initial density and efficiency of star formation passing from ǫ s f = 1 to 0.1 or so are of paramount importance and cannot be ignored. Table 9 . The ancillary models. The meaning of the symbols is as follows: Model is the two-letter string identifying the model according to the mass: MM for intermediate mass galaxy 2.69 × 10 11 M ⊙ and LM for the low mass case 4.17 × 10 9 M ⊙ ; f δ is the multiplicative factor of the initial over-density, in other words the starting over-density of the simulation is a factor f δ higher that the standard over-density currently assumed for the reference model of the same mass; ǫ s f is the dimensionless efficiency of the star formation rate, the symbol ǫ s f (Z) means that the efficiency is supposed to increase from ǫ s f = 0.1 for Z=0.0001 to ǫ s f = 1 for Z=0.01 (close to the solar value). All other symbols have the same meaning as in 
